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5.8 MULTIVARIABLE MA MODELS

Differently from AR models, it is not possible to define minimal parameterizations for
single MA models. They can be defined, in general, by the relation

y(t) = w(t) + Rµ w(t − 1) + . . . + R1 w(t − µ) (5.8.1)

wherey(t) ∈ Rm, w(t) ∈ Rm and the components ofw(t) are white processes. The
equivalent forward notation is

zµ y(t) = R(z) w(t) (5.8.2)

where

R(z) = I zµ + Rµzµ−1 + . . . + R2 z + R1 = [
rij (z)

]
(i, j = 1, . . . , m) (5.8.3)

rii(z) = zµ + γiiµ zµ−1 + . . . + γii2 z + γii1 (5.8.4a)

rij (z) = γijµ zµ−1 + . . . + γij2 z + γij1. (5.8.4b)

The estimation of these models can be performed estimatingw(t) as residual of an
auxiliary high order AR model and defining the matrix

H = [
Hµ(w1) . . . Hµ(wm)

]
(5.8.5)

and the vector

y◦
i =




yi(µ + 1) − wi(µ + 1)

yi(µ + 2) − wi(µ + 2)
...

yi(µ + N) − wi(µ + N)


 . (5.8.6)
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The LS estimate of the vector of parameters

θ◦
i = [

γi11 . . . γi1µ . . . γii1 . . . γiiµ . . . γim1 . . . γimµ

]T
(5.8.7)

is given by the usual LS formula

θ◦
i = (

HTH
)−1

HT y◦
i . (5.8.8)

MA models are used more as filters than to model dynamic processes. A particularly
important role is played by MA models as parts (noise filters) of more complex models
like ARMA(X) ones. In this context we will consider multivariable MA models of the
type

yi(t + νi) = wi(t + νi) +
m∑

j=1

νi∑
k=1

γijk wj (t + k − 1) (i = 1, . . . , m) (5.8.9)

that can be written in the equivalent polynomial form

D(z) y(t) = R(z) w(t) (5.8.10)

where

rii(z) = zν
i + γiiνi

zνi−1 + . . . + γii2 z + γii1 (5.8.11a)

rij (z) = γijνi
zνi−1 + . . . + γij2 z + γij1. (5.8.11b)

D(z) = diag
[
zν1 . . . zνm

]
. (5.8.12)

These models can be estimated substitutingµ with νi in (5.8.5), (5.8.6), (5.8.7)
and using(5.8.8).
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