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3.1 ARX MODELS

ARX models are the most simple member of the equation error family; they describe
equation errorsby meansof whiteprocesses. Making referenceto SISO model (2.1.5)

y(t) = αny(t −1)+ . . . +α1y(t −n)+βnu(t −1)+ . . . +β1u(t −n)+e(t), (3.1.1)

e(·) wil l be astochastic white process with null expected value, E [e(t)] = 0, that is
assumed asindependent of theinput sequenceu(·). Theinteger n definestheorder and
thememory of themodel. ThelettersARintheacronymARX denotetheautoregressive
part of the model, while X refers to the presence of an input i.e., derived from a term
used in econometrics, eXogenous variable (other interpretations derive the X from
eXternal).

Model (3.1.1) can be easily extended to the case of processes where the input
actswith adelay, nd , equal to afinitenumber of sampling intervals; thecorresponding
ARX model wil l be

y(t) = αny(t − 1) + . . . + α1y(t − n) (3.1.2)

+ βnu(t − nd − 1) + . . . + β1u(t − nd − n) + e(t) .

It is common to consider ARX models of type (2.1.8), i.e. with different values of
thememory associated with past inputsand outputs; since thisdoesnot introduceany
generalization or advantage, we wil l deviate from tradition using only models of type
(3.1.1). Considering thepolynomial form (2.1.6)

q(z−1) y(t) = p(z−1) u(t) + e(t) (3.1.3)

where

q(z−1) = 1 − αn z−1 − . . . − α1 z−n (3.1.4)

p(z−1) = βn z−1 + . . . + β1 z−n , (3.1.5)
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it is possible to rewrite model(3.1.1)in the significant form

y(t) = p(z−1)

q(z−1)
u(t) + 1

q(z−1)
e(t) = G(z−1) u(t) + F(z−1) e(t) (3.1.6)

or, using forward notation(2.1.13), in the more common form

y(t) = p(z)

q(z)
u(t) + zn

q(z)
e(t) = G(z) u(t) + F(z) e(t) . (3.1.7)

Figure 3.1.1 shows the structure of ARX processes described by(3.1.7).

Figure 3.1.1 – Structure of an ARX process
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Making reference to(3.1.7)it is also possible to partition an ARX process into deter-
ministic and stochastic parts as shown in Figure 3.1.2.

Figure 3.1.2 – Partition of an ARX process
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