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ST.4 LINKS BETWEEN STATE SPACE AND INPUT-OUTPUT MODELS

Consider the completely observable sys{&W.3.1)and its canonical forn(ST.3.12}
(ST.3.15) Inthis representation the whole system is decomposedhiiriterconnected
subsystems whose orders are giveny. .., v, The components of the state vector
which define the state of the-th subsystem are given, because of the structuce of
andA, by the following relations

X(vy+..4vj_1+1) (1) = yj (1) — dju(t) (ST.4.1)
X(vy+...4vj_142) (1) = 2y (t) — bjru(t) — djzu(t)

Xyt vy 143) (1) = 223j (1) — bjou(t) — bjazu(t) — d;z°u(t)

X(optpy (1) = 2971y (6) = by —pyu () — ... = bj12% ~2u(t) — d; 2" (1)
wherez denotes the unitary advance operator {iys) = y(t+1)). RelationgST.4.1)
written for j = 1, ..., m, give the whole state of the system that can be also expressed
in the more compact form

x(t)=V(@)y@t) —WZ()u(t) (ST.4.2)
where _ -
... 0O
z 0
R
V(z) = : : (ST.4.3)
0 1
0 Z
6 e z(”";_l)



LEVEL

Module ST.4 concerns the following level:

ADVANCED

Playing ants have been designed by Fabio Vettori. 

CONTENTS

Module ST.4 describes the links between multivariable state space observable canonical forms and canonical input output polynomial models.
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1
z1
Z(z) = . (ST.4.4)
Lou-Dp
vy = max (v;) (ST.4.5)
- d1 0 0 7
b11 d1 0
b1 -1) bi1 d1 O 0
W = : (ST.4.6)
dp 0 0
bml dm 0
—bm(vm—l) oo bypn d, 0 ... 0 (n xrvy)
By substituting expressiofsT.4.2)in equation(ST.3.1)
(z1 — A)x(t) = Bu(t) (ST.4.7)
we obtain the equation
[ —A V@) ]|y®)=[G@I—-AWZ@E) + Bu@®) (ST.4.8)

constituted by: input—output relations. Only the relations in positieasvy +vo, .. .,
v1 + ...+ v, are, however, significant since all remaining ones are simple identities.
Them significant relations can be written in the form

Q(z) y(t) = P(2) u(?) (ST.4.9
where
0 =[qij@] Gj=1....,m) (ST.4.10)
P =[pij@] G=L....mj=1....r (ST.4.11)
qi(2) =2 — iy, 2T — L — iz — i (ST.4.123)
qij (2) = —aijy,; 2T — = aij2z — ij (ST.4.12h)

Pij(@) = Bijm+n 2" + ...+ Bijez+ Bij1 (ST.4.12¢0
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The coefficients of the polynomials i@(z) are those appearing i while those of
the polynomials inP(z) are linked to the entries @ and D by the bijection

B=M® (ST.4.13)
B Biix ... Bir1
B=| : B; = : : (ST.4.14)
By Bitwi+1) --- Bir(m+
o d; .. d;
! d; biin ... bin
o= : o=z =" : (ST.4.15)
l . .
0]
" bill),' LB birv;
M=[Mj] G j=1....m) (ST.4.163)
[ —aiin —ogi2 ... =y 1]
—i2 —ii3 ... 1 0
M;; = : : : (ST.4.16b)
—Ujjy; 1
1 0 ... ... 0]JW+1lxv+]
[ —oijl —®ij2 ... Wiy 07
—Qjj2  —;j3
Mij=1| —aj, 0 ... ... 0] (ST.4.160
0 0
0 .. .. 0] itlxv+l

Remark ST.4.1 — The bijection defined by between the entries df(z) and those of
B andD is always well conditioned sindeetM| = 1, independently from the actual
values of they; jx scalars. It can also be observed that the simple structuvealfows
the development cdid hocalgorithms for its inversion.

Remark ST.4.2 — The polynomial input—output modébT.4.9)consists in then dif-
ference equations
m  Vij r v+l

Vit +v) =D iyt k=D + > > Bkuit +k—1). (STA17)
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Remark ST.4.3 — Relations(ST.4.9{ST.4.16)allow, because of the invertibility of
M, two—way transformations between canonical state space metlels C, D) and
MFD models(Q(z), P(z)). These models are characterized by the same minimal
number of parameters.

Remark ST.4.4 — It can be shown that input—output modg#g.4.9)constitute a set of
canonical forms with respect to the equivalence relation defined by the premultiplica-
tion of Q(z) and P(z) by a nonsingular unimodular matrid (z). Relationg(ST.3.7)

and equatiorfST.4.13)lead directly to the following relations between the degrees of
the entries oD (z) and P (z)

degy;i(z) > degg;j(z) fori > j (ST.4.183
deggii(z) > degq;j(z) fori < j (ST.4.18b)
deggii(z) > degg;i(2) (ST.4.18¢)
degg;; (z) = degp;;(z). (ST.4.18d)

Remark ST.4.5 — Links (ST.4.13{ST.4.16)can be used also for purely dynamic sys-
tems, i.e. for systems where no algebraic link between input and output is present
(D = 0). Inthis case the first row of the submatrideds null and relation$ST.4.13}
(ST.4.16)can be rewritten in the simpler form that follows

B=MB (ST.4.19)
B Biix ... Bir1
B=| : B; = : : (ST.4.20)
Em ,Bilv,- s ,Birv,-
M=[M;] G j=1..,m) (ST.4.21a)
[ —oii2 —iz ... =y, 17
—;i3 —ii4 ... 1 0

M;; = : : : (ST.4.21b)
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1 0O ... ... 0] (xv
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[ —aij2  —a;3 —iiy; 0]
—0jj3  —jja
Mij=| —ajy, O 0 (ST.4.21¢
0 0
|0 . . 0 (wixvy
Relation(ST.4.18d)s substituted, in this case, by
degqii(z) > degp;;(2). (ST.4.22)

Remark ST.4.6 — The input—output canonical mod@l(z), P(z)) (ST.4.9)is strictly
equivalentto the canonical quadruphe B, C, D). Thelink between the initial state of
the state space model and the initial conditions of the input—output model is established

by relation(ST.4.2)

Example ST.4.1 —In this example we will construct the input—output polynomial model
strictly equivalent to the canonical state space m@8&13.21) From (ST.3.21a)it

follows, by inspection, that

a111= 0.0794
o112 = —0.5635
a113= 1.3095
az11= 0.0238
az12 = —0.1190
a213= 0.1429

Q(z) = [

o121 = —0.0079
a122= 0.0238
azo1 = —0.1190
a2 = 0.6905

23— 1.309572 + 0.5635; — 0.0794 —0.0238; + 0.0079 ]
~0.142972 + 0.11907 — 0.0238 72 — 0.69057 4+ 0.1190]

B and D allow then to construcb (ST.4.15)given by
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while M (ST.4.16)is

- —0.0794 05635 —-13095 1 00079 —-0.0238 07
0.5635 —1.3095 1 0 —0.0238 0 0
—1.3095 1 0 0 0 0 0
M = 1 0 0 0 0 0 0f.
—0.0238 01190 -0.1429 0 01190 -0.6905 1
0.1190 -0.1429 0 0 —0.6905 1 0
| —0.1429 0 0 0 1 0 0d

B = M® (ST.4.13)is
—1.0873 —0.03171
25159 00238
—1.3095 0
1 0
0.0238 —0.4762
1.7381 16905
18571 -1

&
|

so that
B111 = —1.0873 B121 = —0.0317

Br12= 2.5159 Bi122= 0.0238
B113 = —1.3095 Bioz= O
Bra= 1 Bi2a= O
B211= 0.0238 B221 = —0.4762
Bo12= 17381 B22o = 1.6905
B213= 1.8571 Booz = —1

and P (z) is given by

73 — 1.309572 + 2.5159; — 0.0794 002387 — 0.0317 ]

P(z) = [ 2 2
1.8571zc +1.7381z + 0.0238 —74+1.69057 — 0.4762
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