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4.11 YULE–WALKE R EQUATIONS FOR MULTIVARIABL E AR MODELS

Yule–Walker equationscan bededuced for MIM O modelsproceeding asalready done
in Module4.5 for MISO models. It ismoreconvenient, from thenotational standpoint,
to start from the forward model (4.9.1) rewriting it as follows

yi(t + νi) −
m∑

j=1

νij∑
k=1

αijk yj (t + k − 1) = ei(t + νi). (4.11.1)

Consider then thequantity

E
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(4.11.2)

and observe that
E

[
yh(t + s) ei(t)

]= 0 for i 6= h; (4.11.3)

becauseof theassumed independencebetween ei(t) and ej (t) for i 6= j , and that

E
[
yi(t + s) ei(t)

]= 0 for s > 0  (4.11.4)

becauseof thewhiteness of ei(t). Definenow thequantities

r
ij
s = E

[
yi(t + s) yj (t)

]; (4.11.5)

equation (4.11.2) can be rewritten in the form

rhi
s−νi

− αi11 rh1
s − . . . − αi1νi1 rh1

s−νi1+1 − . . . − αii1 rhi
s − . . .  (4.11.6)

− αiiνi
rhi
s−νi+1 − . . . − αim1 rhm

s − . . . − αimνim
rhm
s−νim+1 = 0.
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Module ID4.11 describes th extension of Yule-Walker equations to multivariable AR models.
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Substituting in equation(4.11.2)yh(t+s)withy1(t) . . . y1(t+νi1−1) . . . ym(t) . . . ym(t+
νim − 1), we obtain a set of̀ = ∑m

j=1 νij equations that can be written in the form

Ri θ◦
i = ρi (4.11.7)

whereθ◦
i is defined by(4.10.2)andRi andρi are given by
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(4.11.8)
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(4.11.9)

Equation(4.11.7)defines the minimal Yule–Walker estimate

θ◦
i = R−1

i ρi (4.11.10)

based on the same time shifts as least squares estimates; larger time shifts and/or
overdetermined Yule–Walker estimates can be easily derived from(4.11.6).

Remark 4.11.1 – It can be noted that only the blocks on the main diagonal ofRi have
a Toeplitz structure because, in general,

E
[
yi(t + s) yj (t)

] 6= E
[
yi(t) yj (t + s)

]
for i 6= j . (4.11.11)
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