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ST.6 REALIZATION OF MIMO INPUT-OUTPUT SEQUENCES

The extensio of Problen ST.5.1 to the MIM O cas is straightforw ardIts solution
is basel on the structurd and algebrat properties of canonichinput—outpa models
(ST.4.17)

Proble m ST.6.1 (Minimal realizatian of MIM O system¥— Given generc input—output
sequencegof a linear discrete—tine multi—outpu dynamc systemdetermire aminimal
stake spae@ modd compatibé with the sequenceand itsinitial state.

Solutio n — Define the composie matrix
HY k1, ... kw) = [ HE (1) . HE (o) HE (1) ..o HE ()] (ST6.1)
wherky = max (k;), i =1, ..., m), and ted the rark of the matrices

HE21,.... ) H'2,2,...,1) ... H}2,2,...,2 H:3,2,...,2) ...
(ST.6.2)
wher L is selectd as in Problen ST.5.1 As som as adeficient—rak matrix is
found, one of the m relatiors (ST.4.17) isdefined If the first matrix exhibiting arank
deficiercy is
HEk, ...k k—1,... k—1)
T
1
then v; = k — 1. The dependene codficients of the lag vecta of HkL(y,-) from
the columrs of the submatrice H*L (y;) arethe parametes; ;; while the dependence
codficientsfrom the columrsof the matrices HE (u ;) aretheparametes g; ;. Thei—th
argumen of HL (kq, ... k,,) isthen s at v; and no longe increasd while remaining
ones are increasd accordimg to the schene (ST.6.2) until a second. .., m—th rank
deficiert matrix is detected.
The procedue determinstheintegers v; and the scalas o; jx and g; jx tha define
the polynomid matrices Q(z) and P(z). The matricesA andC can then be directly
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written, as well aB (ST.4.13)and M (ST.4.16)which lead, by inverting/, to & =
M~1B whose entries defin8 and D. The initial state can then be computed using
relation(ST.4.2)

Remark ST.6.1 —In the realization of purely dynamic systems, the intégeappearing
in the definition of HL (k1, . .., k) (ST.6.1)will be defined asy; = max (k;) — 1,
i=1...,m).

Example — A sequence of 20 input—output samples generated by a linear discrete—time
dynamic system is given by

- 1- - 0 - 2 - 3 -
0 1 0 2
1 1 1 0.071428571
1 1 27380952 24166667
1 1 0.17460317 1.7876984
1 1 0.060185185 4.0710979
0 0 3.0147707 —0.85510362
1 1 —0.64812978 —3.9299034
1 1 0.83313737 15342247
0 _1 21928732 2.9091892
w =1 4| w2 =1 1 0= 1979739 | 2O=1 53576037
0 1 0.49884006 23723300
1 1 1.3851584 0.38151607
1 _1 29116398 25772667
1 1 0.22884872 1.8579335
1 1 0.065360969 4.0988881
0 0 3.0051526 —0.84497508
_1 1 —0.65923195 —3.9265360
1 1 0.82444990 15332537
L o [ 1] | 21987572 | 29093880

A minimal state space model compatible with these data and its initial state will be

now computed. As a first step we will construct the sequence of ma(i&es.2)

and test their rank. To take into account the inevitable approximations of the values of
the available samples and to rely on numerically robust procedures we will compute
their condition number (given by the ratio between the largest and the smaller singular
values). Taking. = 17 we obtain:

HY(2,1) — 19.85
HY(2,2) > 4345
HY(3,2) > 1102
HY(3,3) - 4.930FE + 5
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The condition number off 17(3, 3) shows that this matrix must be considered as rank
deficient and this indicates thet = 2. The subsequent matrix to be tested is

this value indicates that alsb1’(4, 2) must be considered as rank deficient so that
v1 = 3. The dependence coefficients between the columbg 63, 3) andH1'(4, 2)

can be determined in many different ways; computing, for instance, a basis of the
kernels ofH1/(3, 3) andH (4, 2) and normalizing te-1 their sixth and fourth entries
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HY(4,2) — 4.393E + 5,

we find the following vectors of coefficients

02117
o212
o213
o221
00222
-1
B211
B212
B213
B221
B222
| B223-

~ 0.02387
—0.1190
0.1429
—0.1190
0.6905
-1
0.0238
1.7381
1.8571
—0.4762
1.6905

L -1

o112
®113
-1
a121
o122
B111
B112
B113
B114
B121
B122
B123

1117

L B124 ]

It is now possible to write the input—output model

00 [z3 — 1.309572 + 0.56357 — 0.0794
Z ol
—0.142972 + 0.11907 — 0.0238
PO [z3 —1.3095z2 + 2.5159;7 — 0.0794
Z =
1.8571z2 + 1.7381z + 0.0238
as well as the matrices
0 1
i 0 0
A=|00794 —05635 13095
0 0
0.0238 —0.1190 Q1429
- 1 0 0
C= [ 0 0 1

- 0.07947
—0.5635
1.3095

-1
—0.0079
0.0238
—1.0873
2.5159
—1.3095
1.0000
—0.0317
0.0238

0

L 0

—0.0238; + 0.0079
72 — 0.69057 + 0.1190

00238z — 0.0317
721 1.6905; — 0.4762

0
0

—0.0079 00238

1

—0.1190 06905
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- —0.0794 05635 —13095 1 00079 —-0.0238 07
0.5635 —1.3095 1 0 —0.0238 0 0
—1.3095 1 0 0 0 0 0

M = 1 0 0 0 0 0 0
—0.0238 01190 -0.1429 0 01190 —-0.6905 1
0.1190 -0.1429 0 0 —0.6905 1 0

| —0.1429 0 0 0 1 0 0.

r—1.0873 —0.03177
25159 00238
—1.3095 0
1 0
0.0238 —-0.4762
1.7381 16905
18571 -1

]
|

Inverting M we finally obtain
-1 0
0 0 0 0

B 2 0 ) 2 0 ) 1 0
®=M1B=| 16667 0 B=|16667 0 D= [ ] :
2 -1 3 1

3 1 2.1667 Q3333
| 2.1667 03333

The corresponding initial state is given by

~1 O d O 0
z O bi1n d1 O 1
xo=|22 0|y —|b1z bun d1 [ zI } u(l1)
0 1 d 0 0 2]
| 0 2 bpr do» O
2 1 0O O 0 O é 1
0 0 0 1 0O 0O 0 0
=(1]|—-1]2 00 0 1 % 117 0
3 2 -1 0 0 0O 1 1
| 2 3 1 2 -1 0 O 1 0

FAQ TUTOR NEXT MODULE
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