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ST
System
Theory
ST.4 LINKS BETWEEN STATE SPACE AND INPUT–OUTPUT MODELS

Consider the completely observable system(ST.3.1)and its canonical form(ST.3.12)–
(ST.3.15). In this representation the whole system is decomposed intom interconnected
subsystems whose orders are given byν1, . . . , νm The components of the state vector
which define the state of thej–th subsystem are given, because of the structure ofC̃

andÃ, by the following relations

x(ν1+...+νj−1+1)(t) = yj (t) − dju(t) (ST.4.1)

x(ν1+...+νj−1+2)(t) = z yj (t) − bj1u(t) − dj z u(t)

x(ν1+...+νj−1+3)(t) = z2yj (t) − bj2u(t) − bj1zu(t) − dj z
2u(t)

...

x(ν1+...+νj )(t) = zνj −1yj (t)−bj (νj −1)u(t)− . . .−bj1z
νj −2u(t)−dj z

νj −1u(t)

wherez denotes the unitary advance operator (i.e.z y(t) = y(t+1)). Relations(ST.4.1)
written forj = 1, . . . , m, give the whole state of the system that can be also expressed
in the more compact form

x(t) = V(z) y(t) − WZ(z) u(t) (ST.4.2)

where

V(z) =




1 . . . 0
z 0
...

...

z(ν1−1) . . . 0
...

...

0 . . . 1
0 z
...

...

0 . . . z(νm−1)




(ST.4.3)

LEVEL

Module ST.4 concerns the following level:

ADVANCED

Playing ants have been designed by Fabio Vettori. 

CONTENTS

Module ST.4 describes the links between multivariable state space observable canonical forms and canonical input output polynomial models.
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Z(z) =




I

z I
...

z(νM−1)I


 (ST.4.4)

νM = maxi (νi) (ST.4.5)

W =




d1 0 . . . . . . . . . . . . 0
b11 d1 . . . . . . . . . . . . 0
...

...

b1(ν1−1) . . . b11 d1 0 . . . 0
...

...

dm 0 . . . . . . . . . . . . 0
bm1 dm . . . . . . . . . . . . 0
...

...

bm(νm−1) . . . bm1 dm 0 . . . 0




. (ST.4.6)

(n × rνM)

By substituting expression(ST.4.2)in equation(ST.3.1)

(
z I − Ã

)
x(t) = B̃ u(t) (ST.4.7)

we obtain the equation

[
(z I − Ã) V(z)

]
y(t) = [

(z I − Ã) WZ(z) + B̃
]
u(t) (ST.4.8)

constituted byn input–output relations. Only the relations in positionsν1, ν1+ν2, . . . ,
ν1 + . . . + νm are, however, significant since all remaining ones are simple identities.
Them significant relations can be written in the form

Q(z) y(t) = P(z) u(t) (ST.4.9)

where
Q(z) = [

qij (z)
]

(i, j = 1, . . . , m) (ST.4.10)

P (z) = [
pij (z)

]
(i = 1, . . . , m; j = 1, . . . , r) (ST.4.11)

qii(z) = zνi − αiiνi
zνi−1 − . . . − αii2 z − αii1 (ST.4.12a)

qij (z) = −αijνij
zνij −1 − . . . − αij2 z − αij1 (ST.4.12b)

pij (z) = βij (νi+1) zνi + . . . + βij2 z + βij1 (ST.4.12c)
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The coefficients of the polynomials inQ(z) are those appearing iñA while those of
the polynomials inP(z) are linked to the entries of̃B andD̃ by the bijection

B = M 8 (ST.4.13)

B =



B1
...

Bm


 Bi =




βi11 . . . βir1
...

...

βi1(νi+1) . . . βir(νi+1)


 (ST.4.14)

8 =



81
...

8m


 8i =

[
di

B̃i

]
=




di1 . . . dir

bi11 . . . bir1
...

...

bi1νi
. . . birνi


 (ST.4.15)

M = [
Mij

]
(i, j = 1, . . . , m) (ST.4.16a)

Mii =




−αii1 −αii2 . . . −αiiνi
1

−αii2 −αii3 . . . 1 0
...

...
...

−αiiνi
1

...

1 0 . . . . . . 0




(ST.4.16b)

(νi + 1 × νi + 1)

Mij =




−αij1 −αij2 . . . −αiiνij
0

−αij2 −αij3 . . . 0 0
...

...
...

−αijνij
0 . . . . . . 0

0 . . . . . . . . . 0
...

...

0 . . . . . . . . . 0




. (ST.4.16c)

(νi + 1 × νj + 1)

Remark ST.4.1 – The bijection defined byM between the entries ofP(z) and those of
B̃ andD̃ is always well conditioned since|detM| = 1, independently from the actual
values of theαijk scalars. It can also be observed that the simple structure ofM allows
the development ofad hocalgorithms for its inversion.

Remark ST.4.2 – The polynomial input–output model(ST.4.9)consists in them dif-
ference equations

yi(t + νi) =
m∑

j=1

νij∑
k=1

αijk yj (t + k − 1) +
r∑

j=1

νi+1∑
k=1

βijk uj (t + k − 1). (ST.4.17)
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Remark ST.4.3 – Relations(ST.4.9)–(ST.4.16)allow, because of the invertibility of
M, two–way transformations between canonical state space models(Ã, B̃, C̃, D̃) and
MFD models(Q(z), P (z)). These models are characterized by the same minimal
number of parameters.

Remark ST.4.4 – It can be shown that input–output models(ST.4.9)constitute a set of
canonical forms with respect to the equivalence relation defined by the premultiplica-
tion of Q(z) andP(z) by a nonsingular unimodular matrixM(z). Relations(ST.3.7)
and equation(ST.4.13)lead directly to the following relations between the degrees of
the entries ofQ(z) andP(z)

degqii(z) ≥ degqij (z)

degqii(z) > degqij (z)

degqii(z) > degqji(z)

degqii(z) = degpij (z).

for i > j

for i < j

(ST.4.18a)

(ST.4.18b)

(ST.4.18c)

(ST.4.18d)

Remark ST.4.5 – Links (ST.4.13)–(ST.4.16)can be used also for purely dynamic sys-
tems, i.e. for systems where no algebraic link between input and output is present
(D = 0). In this case the first row of the submatrices8i is null and relations(ST.4.13)–
(ST.4.16)can be rewritten in the simpler form that follows

B = M B̃ (ST.4.19)

B =



B1
...

Bm


 Bi =




βi11 . . . βir1
...

...

βi1νi
. . . βirνi


 (ST.4.20)

M = [
Mij

]
(i, j = 1, . . . , m) (ST.4.21a)

Mii =




−αii2 −αii3 . . . −αiiνi
1

−αii3 −αii4 . . . 1 0
...

...
...

−αiiνi
1

...

1 0 . . . . . . 0




(ST.4.21b)

(νi × νi)
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Mij =




−αij2 −αij3 . . . −αiiνij
0

−αij3 −αij4 . . . 0 0
...

...
...

−αijνij
0 . . . . . . 0

0 . . . . . . . . . 0
...

...

0 . . . . . . . . . 0




. (ST.4.21c)

(νi × νj )

Relation(ST.4.18d)is substituted, in this case, by

degqii(z) > degpij (z). (ST.4.22)

Remark ST.4.6 – The input–output canonical model(Q(z), P (z)) (ST.4.9)is strictly
equivalent to the canonical quadruple(Ã, B̃, C̃, D̃). The link between the initial state of
the state space model and the initial conditions of the input–output model is established
by relation(ST.4.2).

Example ST.4.1 – In this example we will construct the input–output polynomial model
strictly equivalent to the canonical state space model(ST.3.21). From(ST.3.21a)it
follows, by inspection, that

α111 = 0.0794 α121 = −0.0079

α112 = −0.5635 α122 = 0.0238

α113 = 1.3095

α211 = 0.0238 α221 = −0.1190

α212 = −0.1190 α222 = 0.6905

α213 = 0.1429

Q(z) =
[

z3 − 1.3095z2 + 0.5635z − 0.0794 −0.0238z + 0.0079

−0.1429z2 + 0.1190z − 0.0238 z2 − 0.6905z + 0.1190

]
.

B̃ andD̃ allow then to construct8 (ST.4.15)given by

8 =




1 0
0 0
2 0

1.6667 0
2 −1
3 1

2.1667 0.3333



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while M (ST.4.16)is

M =




−0.0794 0.5635 −1.3095 1 0.0079 −0.0238 0
0.5635 −1.3095 1 0 −0.0238 0 0

−1.3095 1 0 0 0 0 0
1 0 0 0 0 0 0

−0.0238 0.1190 −0.1429 0 0.1190 −0.6905 1
0.1190 −0.1429 0 0 −0.6905 1 0

−0.1429 0 0 0 1 0 0




.

B = M8 (ST.4.13)is

B =




−1.0873 −0.0317
2.5159 0.0238

−1.3095 0
1 0

0.0238 −0.4762
1.7381 1.6905
1.8571 −1




so that
β111 = −1.0873 β121 = −0.0317

β112 = 2.5159 β122 = 0.0238

β113 = −1.3095 β123 = 0

β114 = 1 β124 = 0

β211 = 0.0238 β221 = −0.4762

β212 = 1.7381 β222 = 1.6905

β213 = 1.8571 β223 = −1

andP(z) is given by

P(z) =
[

z3 − 1.3095z2 + 2.5159z − 0.0794 0.0238z − 0.0317

1.8571z2 + 1.7381z + 0.0238 −z2 + 1.6905z − 0.4762

]
.
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